In this paper we show that, in general, first-order Morita deformations are too limited to capture the second Hochschild cohomology of a differential graded category. For differential graded categories with bounded above cohomology, the Morita deformations do constitute a part of the Hochschild cohomology.
We construct a canonical map μ A from the set of equivalence classes of firstorder Morita deformations to the second Hochschild cohomology group of A. We show that if A has bounded above cohomology, then μ A is an injection. We also discuss some necessary, and some sufficient conditions for a Hochschild cocycle to represent a Morita deformation.
2 Some Background on dg Categories
The Hochschild complex
We work over a commutative ground ring k and assume everything to be k-linear.
For dg categories a and b, the notation a ⊗ b will always be used for the derived tensor product (which is usually denoted by a ⊗ L b).
For the definition of the Hochschild complex of a dg category a, we refer the reader to [4] . Roughly speaking, the Hochschild complex C(a) is the product double complex of the bicomplex with For a triangulated category T , let T * denote the associated graded category with
T n (T, T ) = T (T, T [n]).
Lemma 2.1. Suppose a is cofibrant over k (i.e a has k-cofibrant Hom-modules). There is a canonical isomorphism
Proof. This is contained in [4, Section 4.2].
The characteristic dg morphism
Let a be a dg category. We consider the dg categories a ⊆ tria dg (a) ⊆ per dg (a) ⊆ D dg (a)
Hochschild Cohomology and Morita Deformations 3 that can all be constructed as quivers of twisted complexes over a [8, In [8] , the second author has constructed a B ∞ -section of the canonical projection morphism C(D dg (a)) −→ C(a) (which is a morphism of B ∞ -algebras) and considered the characteristic dg morphism
The Mth component ofχ is given bȳ
for φ ∈ C(a) and
For the details and the signs in the expression, we refer the reader to [8, Proposition 3.11] .
The mapχ is compatible with the derived interpretation of Hochschild cohomology, as the following proposition shows. Put χ M = H * (χ M ). Consider, for dg categories a, b, and c, the derived tensor functor
Proposition 2.2. Suppose a is cofibrant over k. The following diagram, in which the vertical arrows are the canonical isomorphisms, commutes:
Hence, it suffices to show that, for any dg category a and A ∈ a, the projection on the first column π A :
be the bar resolution of a as an a-a-bimodule.
, where ψ is the composition
Clearly, ψ is canonically isomorphic to π A , which finishes the proof. 
Proposition 2.3. Let F : a −→ b be a quasi-fully faithful functor between k-cofibrant dg categories.
For the canonical morphism φ
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Proof.
(1) is contained in [4] . For (2), it is easy to see that the diagram
3 Morita Deformations Proposition 3.1. There is a bijection Proof. This is contained in [8, Proposition 4.11].
Morita deformations
Let dgcat k be the category of small k-linear dg categories. Let Mo be the class of Morita morphisms, i.e. morphisms inducing a derived equivalence. In [12] and [13] , a model structure on dgcat k is constructed such that the homotopy category is
Our proofs will make intensive use of the arrow category c X associated to a bimodule X ∈ C (a op ⊗ b) between dg categories b and a, which has been introduced in [4, Section 4.5] . This dg category c X has Ob(c X ) = Ob(a) Ob(b) and
for all objects A, A ∈ a and B, B ∈ b.
Proposition 3.3.
There is a canonical map
where Sk(hmodef a ) is the skeleton of the deformation groupoid.
Proof.
A 
Injectivity of μ a
Remarkably, in order to be able to show that μ a is injective, we already need some condition on a.
Definition 3.4.
1. A cochain complex M has bounded above cohomology if there is an n 0 ∈ N with H n M = 0 for n ≥ n 0 .
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3. A dg category a has bounded above cohomology if the bimodule 1 a ∈ C (a op ⊗ a)
has bounded above cohomology.
Lemma 3.5. Suppose a and b are dg categories and X ∈ C (a op ⊗ b) is a Morita bimodule.
If a has bounded above cohomology, then the same holds for b and X.
Proof. We may suppose that a, b, and X are cofibrant. The bimodule X defines a quasi- N) ) still has bounded above cohomology.
Our interest in dg categories with bounded above cohomology comes from the following fact. 
Proof. If
Lemma 3.9. Letā andb be k[ ]-cofibrant dg categories,X ∈ C (ā op ⊗b) be a cofibrant bimodule, and put
If X is a Morita bimodule, then so isX. 
Proof. For every A ∈ a, we consider the cofibrantb-moduleX(−, A). By assumption, the objects X(−, A)
= k ⊗ k[ ]X (−, A
2.X i is compact in D(ā) if and only if X i is compact in D(a).
Proof. For M ∈ C (a), we have Homā(
. This shows the necessity in
we have a triangle
This already proves the sufficiency in (1). For (2), consider objectsM j ∈ C (ā) with
. Now suppose the objectsM j are cofibrant in C (ā). We obtain a morphism of triangles
which finishes the proof. Property (1) always implies (2) . If a has bounded above cohomology, then (1) and (2) From the previous proposition, we deduce the following restriction on the image of μ a . Proposition 3.13. Consider φ ∈ H 2 C(a).
1. The subcategory of objects M, for which φ M is nilpotent, is closed under shifts, cones, and direct summands.
2. If φ is in the image of μ a , then φ M is nilpotent for every M ∈ per(a).
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Proof. If φ is in the image of μ a , then by Proposition 3.12, there is a full generating subcategory m ⊆ per dg (a) with φ M = 0 for every M ∈ m. Consequently, (2) immediately follows from (1). In (1), all three properties follow from bifunctoriality of the derived 
There are, of course, plenty of examples where the necessary condition of Proposition 3.13 is not fulfilled for some φ ∈ H 2 C(a), the most notable being the "graded field" from section 5.4 of [5] .
Example 3.14. Consider the graded algebra
, where u is of degree 2, endowed with the zero differential. In this case, H 2 C(a) = k and for the Hochschild two-
is an isomorphism, hence certainly not nilpotent.
Consequently, there is no Morita deformation of A corresponding to u. Morally, this corresponds to the fact that a graded field should be rigid.
Of course, this situation cannot occur when a has bounded above cohomology.
Proposition 3.15. If a has bounded above cohomology, then for every φ ∈ HProof. If a has bounded above cohomology, then so has per dg (a). Consequently, for
and hence φ
Suppose from now on that φ ∈ Z C 2 (a) is such that φ A is nilpotent for every A ∈ a.
According to Propositions 3.12 and 3.13, it makes sense to wonder whether φ is in the image of μ a . It was claimed in [2] and Section 5.4 of [5] that this was indeed the case, but further investigations have shown this conclusion to be premature. Proposition 3.12 tells us that we should look for a generating subcategory m ⊆ per dg (a) on which χ (φ) vanishes.
The following proposition describes a way of finding new generating subcategories of per(a). An obvious candidate for a new generating subcategory isã ⊆ per dg (a) in which each A ∈ a has been replaced by the coneÃ of
In twisted object description,Ã is given by A ⊕ −1 A with ( A, A) ) 1 . If the dg structure on a is given by m + d (the sum of the multiplication and the differential, both considered as elements in the Hochschild complex), then the dg structure on per dg (a) is given by m + d + m{δ} (where m{δ} = m • δ is the dot product or first brace operation), and 
Proof. This immediately follows from Lemma 3.18.
Lemma 3.18. Let a be a dg category, M be a dg module, and f :
is nullhomotopic. The question whether it is possible to construct nonzero objects M in tria(a), per(a), or even D(a) for which χ M (φ) vanishes seems to lead to combinatorial puzzles that we have not been able to solve so far. Notice, however, that for dg-derived categories of abelian categories, these problems do not arise; see [7] for the general framework and [14] for a class of examples. On the other hand, at least in a topological context, the above cone construction does not allow one to construct objects where a given element of the center of the category acts by 0, as shown in [11] .
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Of course, without conditions on a, such objects need not exist, as Example 3.14 shows. Indeed, in this case Proposition 3.17 does apply, butÃ is zero. Clearly, on every nonzero object M,χ M (φ) = φ A is an isomorphism, hence nonzero.
In the case where a has bounded above cohomology, it would certainly be desirable to obtain a better understanding of the locus of objects M with vanishing χ M (φ) (note that the problem in Example 3.19 persists even if we make the algebra bounded above by considering some further quotient). This, and the question whether it is possible to find perfect generators with vanishing χ M (φ) for classes of dg algebras of particular interest, like smooth proper dg algebras, remains the topic of work in progress.
